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Abstract. This paper concerns the H(2)-unknotting numbers of hnks related to 2- 
bridge links. It consists of three parts. In the first part, we consider a necessary and 
sufficient condition for a 2-bridge link to have H(2)-unknotting number one. The second 
' part concerns an explicit form of composite links with II(2)-unknotting number one. In 

CN| , the last part, we develop a method of studying the II(2)-unknotting numbers of some 

^ • tangle unknotting number one knots via 2-bridge knots. 
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• 1. Introduction 
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In this paper all the links are assumed to be unoriented except otherwise stated. An 
H(2)-move is a local transformation between link diagrams, as shown in Figured] It is 
an unknotting operation. The H( 2) -unknotting number [Tl] of a link L is the minimal 
. number of II(2)-moves needed to change the link into the unknot, and we denote it by 

J3 \ U2{L). In this paper, we study this unknotting operation for links related to 2-bridge 

links. It consists of three parts. 
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'nI" . Figure 1. An II(2)-move. 
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In Section 2, we make some observations about 2-bridge links with II(2)-unknotting 
number one. Our purpose is to find out 2-bridge links whose II(2)-unknotting numbers 
are one. Here is our main observation. 



^ ■ Proposition 1.1. The 2-bridge link S{p, q) has H (2) -unknotting number one if and only 

■ ■ if the lens space L{p, q) can be obtained as an integral surgery along a Berge knot in . 

We remark that this observation is just a corollary of some known results about 
integral surgery. Since our interest is H(2)-unknotting operation, we think it is worth 
to write it down. In [13], an incomplete table of H(2)-unknotting numbers of knots is 
provided. Among knots with nine crossings, there are six knots whose II(2)-unknotting 
numbers are unknown. We confirm that among them the 2-bridge knots 92i, 923, 826 and 
931 are knots with H(2)-unknotting number one. We refer to Rolfson's table for the 
notations of knots. 
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Corollary 1.2. The 2-bridge knots 921,923 , 926 (I'nd 9^1 have H(2)-unknotting number 
one. 

Section 2 essentially has no direct relation to Sections 3 and 4. 

Section 3 is about composite links of H(2)-unknotting number one. Bleiler |1] and 
Eudave-Munoz ^ proved that if a composite link has H(2)-unknotting number one then 
it is a connected sum of a 2-bridge link and a prime link. The purpose of Section 3 is 
to study the explicit forms of the two summands of such composite links. First we have 
the following result: 

Proposition 1.3. If Ki is the 2-bridge link S{q,p), and K2 is a {p,q)-tangle unknotting 
number one link, then the H(2)-unknotting number of the composite Ki^K2 is one. 

We conjecture that the converse holds as well, which we expressed as Conjecture ??. 
When we restrict the two summands to 2-bridge links, we have the following complete 
description. 

Proposition 1.4. Suppose S{p,q) and S{r,s) are two non-trivial 2-bridge links. Then 
the composite S{p, q)^S{r, s) has H (2)-unknotting number one if and only if either S{r, s) = 
S{q,p), or S{p,q) = S{v,e) and S{r,s) = S{yah + e^va^) for e = ±1 and some integers 
V, a and b satisfying {a,b) = 1. 

Notice that the 2-bridge link S{p, q) is a (p, g)-tangle unknotting number one link, 
and that S{vab + e, va"^) is a (e, t')-tangle unknotting number one link. Our conjecture 
is supported when both summands are 2-bridge links. 

In a previous paper [T], we introduced a method of detecting whether a knot has H(2)- 
unknotting number one or not. The correction terms appearing in [T] are usually very 
challenging to calculate. When a knot K is an alternating knot, there is a combinatorial 
formula for these correction terms. But in general, there is no practical rule to calculate 
them. Ozsvath and Szabo [17] used techniques related to plumbing manifolds and sharp 
manifolds to calculate these correction terms for some non-alternating knots. 

In Section 4, we want to apply the method in [1] to some tangle unknottig number 
one knots, which are usually non-alternating, without calculating their correction terms. 
Given a tangle unknotting number one knot K, our idea is to compare the correction 
terms of K with those of certain 2-bridge knot, and to study K via studying the 2-bridge 
knot. Note that 2-bridge knots are alternating and the correction terms for which are 
easy to calculate. A disadvantage of our method is it only works for some special tangle 
unknotting number one knots, rather than all of them. After introducing the theory, 
as an example, we show how to apply it to calculating the H(2)-unknotting numbers of 
some (23,3)-tangle unknotting number one knots. 



The 2-bridge links have been widely studied in knot theory. The 2-bridge link S{p, q) 
to be used here is the link illustrated in Figure [2j Here p/q is the continued fraction 
[ai,a2, ■ ■ ■ ,a„]. Precisely 



2. 2-BRIDGE LINKS WITH H(2)-UNKNOTTING NUMBER ONE 



p 



■ ■ ■ , 0,n] —0,1 + 



1 



[ai,a2 



1 

^2 H \ 

On 



Q 



H(2)-UNKN0TTING OPERATION RELATED TO 2-BRIDGE LINKS 



3 



Let C(ai, 02, . . . , a„) denote the link diagram in Figure El Two unoriented links Ki and 
K2 are equivalent if there exists an orientation-preserving auto-homeomorphism of 
sending Ki to K2. The following fact is well-known: Two unoriented 2-bridge links 
SiPi, 0.2) and S{p2^ (I2) are equivalent if and only if pi = p2 and = q2 (mod pi). 




n: odd 



Figure 2. The link diagram C(ai, 02, . . . , an) for 2-bridge links. 

The purpose of this section is to find out 2-bridge links whose H(2)-unknotting num- 
bers are one. There is essentially no new theory here. We collect some known facts 
to get a necessary and sufficient condition for a 2-bridge link to have H(2)-unknotting 
number one, which is Proposition II. and apply this observation to complement a table 
in [13] , which we express as Corollary 11.21 

We use Sf{K) to denote the 3-manifold obtained by doing Dehn surgery to the 3- 
sphere 5*^ along the knot K with coefficient r. Our orientation convention is the p/q- 
surgery along the trivial knot gives the lens space L{p, q). An oriented knot C is called 
strongly-invertible if there is an orientation preserving homeomorphism, which is also an 
involution, of which takes the knot to itself but reverses the orientation along the 
knot. Given a link K, let S(i^) denote the double branched cover of along K. It is 
well-known that the double branched cover of along the 2-bridge link S{p, q) is the 
lens space L(p, q). We have the following lemma. 

Lemma 2.1. The 2-bridge link S{p,q) has H(2)-unknotting number one if and only if 
the lens space L{p,q) is Sj_p{C) for some strongly-invertible knot C. 

Proof. The proof is in fact a practice of Montesinos' trick [H]. In general, if a link K 
has H(2)-unknotting number one, then ^{K) equals Sp{C) for some strongly-invertible 
knot C and \p\ equals the absolute value of the determinant of K. For 2-bridge links, 
the converse is true as well. The reason is as follows. For a integer p and a strongly- 
invertible knot C, one can always construct a link with H(2)-unknotting number one for 
which the double branched cover is Sp{C). The double branched cover of along the 
2-bridge link S{p, q) is the lens space L{p, q), and it is known [TU] that there is no other 
links sharing the same double branched cover with S{p,q). Therefore, if the lens space 
L{p, q) equals Sj.p{C), the H(2)-unknotting number of the 2-bridge link S{p, q) must be 
one. □ 

Since the set of strongly-invertible knots is too large. Lemma 12.11 does not help us 
simplify the task of finding out 2-bridge links with H(2)-unknotting number one. On 
the other hand, there have been many studies about integral surgeries which produce 
lens spaces. In the following paragraphs, we assemble some of these studies and come 
up with a practical criterion, which is Proposition II. H for distinguishing 2-bridge links 
with H(2)-unknotting number one. 
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If some integral surgery of 5*^ along a knot gives rise to a lens space, we say this 
knot admits integral lens space surgery. It is known that doubly-primitive knots admit 
integral lens space surgeries. Here is the definition. Given a loop in the boundary of 
a genus two handlebody, it is called primitive if attaching a 2-handle produces a solid 
torus. A knot in is called doubly-primitive if it sits on a genus two Heegaard surface 
of 5*^, and is primitive in handlebodies on both sides. Berge [2] found twelve classes of 
doubly-primitive knots, which are now called Berge knots. The lens spaces which arise 
as integral surgeries along Berge knots are listed as follows in [T9] : 

Theorem 2.2 (Berge). The lens space L{a,(3) arises as an integral surgery along a 
Berge knot if there exists an integer k such that (3 = ±k^ (mod a), and a, (3 and k 
satisfy one of the following conditions: 

(i) a = ik ±1 (mod /c^) and gcd(i, k) = 1,2 for some i; 

(ii) a = ±{2k + e)d (mod k^), d\k — e and is odd, for e = ±1; 

(iii) a = ±{k + e)d (mod k"^) and d\2k — e, for e = ±1; 

(iv) a = ±{k + e)d (mod k"^), d\k + e and d is odd, for e = ±1; 

(v) k^±k ±1 = (moda); 

(vi) a = 22j^ + 9j + 1 and k = llj + 2 for some j ; 

(vii) a = 22 + 13j + 2 and A; = llj + 3 for some j . 

The following fact is containd, though not directly stated, in [T2] . 

Theorem 2.3. The 2-bridge link S{p, q) has H (2)-unknotting number one when the lens 
space L{p,q) can be obtained as an integral surgery along a doubly-primitive knot in S^. 

Berge [3] proved that every doubly-primitive knot in is a Berge knot. Greene [8] 
Proved the following result: 

Theorem 2.4 ([8]). If a lens space is realized as an integral surgery along a knot in S^, 
then it can be realized as an integral surgery along some Berge knot. 

The proof of Proposition 11.11 now easily follows from Theorems 12.31 and 12.41 Lens 
spaces which arise as integral surgeries along Berge knots have been completely listed in 
Theorem 12. 2[ Therefore, the corresponding 2-bridge links are those 2-bridge links whose 
H(2)-unknotting numbers are one. To proof Corollary 11.21 we only need to show that 
these four 2-bridge knots belong to the list. 

Proof of Corollary Within this proof, we do not distinguish a knot from its mir- 
ror image. If the corresponding lens spaces belong to the list in Theorem 12. 2^ then 
Proposition 11.11 tells us that the 2-bridge knots have H(2)-unknotting number one. For 
921 = ^(43, 25), we have 43 = d{2k - 1) (mod k^) and 25 = fc^ for A; = 5 and d = 2. It 
belongs to Berge type (ii). For 923 = 'S'(45,64), we have 45 = d{2k — 1) (mod k"^) and 
64 = /c^ for /c = 8 and d = 3. It belongs to Berge type (ii). For 926 = 5'(47, 81), we have 
47 = —d{2k — 1) (mod k'^) and 81 = /c^ for /c = 9 and d = 2. It belongs to Berge type 
(ii). For 931 = S'(55, 144), we have 55 = d{k - 1) (mod k"^) and 144 = /c^ for k = 12 and 
(i = 5. It belongs to Berge type (iii). □ 

3. Composite links with H(2)-unknotting number one 

In this section, we study composite links with H(2)-unknotting number one. We 
mainly focus on the proofs of Propositions 11.31 and 11.41 
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Definition 3.1. A link is a (p, g)-tangle unknotting number one link if there is a tangle 
decomposition K = T1UT2 such that Ti is the rational tangle as shown in Figure |3] and 
that To U T2 is the unknot. Here p/q is the continued fraction [ai, a2, ■ ■ ■ , aj. We call 
Ti a rational tangle with Conway notation (ai, 02, ■ ■ ■ , a„). 

Note that the definition depends on not only (p, q), but also the sequence of numbers 
(ai,a2,-- - ,an)- Our convention for Conway notation may be different from those in 
some references. 




Figure 3. The tangle decomposition for a (p, g)-tangle unknotting num- 
ber one knot. 



Remark 3.2. The notation "tangle unknotting number one link" comes from the preprint 
[9], but the definition here is slightly modified. 

Lemma 3.3. // a link K is a {p, q)-tangle unknotting number one link, then this link is 
also a {p + aq, q) -tangle unknotting number one link for any integer a. Furthermore, in 
this case there is an integer a such that T,{K) = S(^p+ag)/g{C) for some strongly invertible 
knot C . 

Proof. We first explain the former statement. Let = T2 U Ti be the tangle decompo- 
sition as in Definition 13.11 and Ti be the rational tangle with notation (ai, a2, ■ ■ ■ 1 On)- 
Given an integer a, let be the rational tangle with notation (ai + a, a2, ■ ■ ■ , an) and 
T2 be the tangle obtained from T2 by making (—a) half twists along the endpoints 3 
and 4. It is easy to see that K = T^VJ T2 and that U Tq is the unknot. Therefore K 
is a (p + aq, g)-tangle unknotting number one link as well. 

Now we prove the latter statement, which is again a practise of Montesinos' trick. 
Consider the tangle decomposition 

(5^ToUT2) = (D^To)u(D^T2). 

Since T0UT2 is the unknot, the double branched cover of along ToUT'2 is still S^. The 
double branched cover of along Tq is a solid torus, which we denote 5*0. Therefore, 
the manifold obtained by attaching Sq to the double branched cover of along T2 
along their common torus boundary, is S^. This implies that the double branched cover 
of along T2 is the complement of a knot, say C, in S^. In order to see that C is 
strongly invertible, we notice that the image of C in the base space is the dotted 
arc as shown in Figure ID It is easy to see that the preimage of this arc, which is C, is 
strongly invertible. 
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Figure 4. The knot C. 

Next, we consider the tangle decomposition of K: {S^,K) = (D^,Ti) U (D^,T2). 
Taking the double branched cover, we get 

E{K) = SiU{S'\u{C)), 

where 5*1 denotes the double branched cover of along Ti, which is a solid torus. 
Let (moJo), (mi,/i) and (m, /) be the prefered meridian-longitudes of Sq, Si and C 
respectively. Here we choose the same orientation for Sq and Si. We can see that 
mi = prriQ + qIq, while we already know that mo = m and Iq = 1 + am for some integer a, 
so as a conclusion we have mi = (j) + aq)m + ql. That is to say T,{K) = S^p_^_^^y^{C). □ 



Proof of Proposition [Oi In fact, if p/q = [01,02, ■ ■ ■ ,a„], then S{q,p) is equivalent to 
S{q,p — aiq). Note that q/ {p — aiq) = [02, ■ ■ ■ , Then C(a2, ■ ■ ■ , a„) is a link diagram 
for S{q,p). The composite link ^(p, g)tlS'(g,p) can be unknotted by adding a band, as 
shown in Figured This completes the proof. □ 
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Figure 5. The H(2)-unknotting number of the composite link is one. 



We conjecture that the converse of Proposition 11.31 is true: 
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Conjecture 3.4. A composite link with H(2)-unknotting number one always has the 



form described in Proposition\1.4 



We have the following corollary since the 2-bridge link S{p, q) is a (p, g)-tangle un- 
knotting number one link. It is in fact Theorem 9.1 in [T3] . 

Corollary 3.5. The H(2)-unknotting number of the link S{p,q)^S{q,p) is one. 



Before giving the proof of Proposition II. 4[ we introduce some facts. Given a knot K 
and two coprime integers p and q, we use Kp^g to denote the {p, g)-cable knot of K. It 
is conjectured that (the cabling conjecture [7j) that if an integral surgery of along 
a knot L produces a reducible manifold, then L is a cable knot and the slope of the 
surgery is pq. This conjecture holds when L is a strongly invertible knot [6]. 



Proof of Proposition \1.4\ If S{p, g)tlS'(r, s) has H(2)-unknotting number one, then there 
exists a strongly invertible knot C and an integer / such that T,{S{p,q)^S{r, s)) = 
L{p, q)^L{r, s) = Sf{C). Since the cabling conjecture holds for strongly invertible knots, 
the knot C must be a cable knot, say C = K^^v for some knot K and coprime integers 
u and V. Then we have / = uv and Sf{C) = S'^^^{K)^L{v,u), which in turn equals 
g)jjL(r, s). By the prime decomposition theorem for 3-manifolds, we can suppose 
L{v, u) = L{p, q). Then S^j^^K) has to be L(r, s). The cychc surgery theorem [5] implies 
that if a non-integral Dehn surgery of along a knot produces a Lens space, then the 
knot is a torus knot. Since \v\ = \p\ > 1, the fact S^^^^K) = L{r, s) implies that K must 
be a torus knot. 

If K is the unknot, then Sl/^{K) = L{ u,v) = L{r,s). Therefore S{r,s) is equivalent 
to S{q,p). (In fact, S{r, s) may be S{q + jp,p) for some integer j, but in this case, we 
can write S{p, q) as 5'(p, q + jp)-) If K is non-trivial, suppose K is the (a, 6)-torus knot. 
Then Sf^i^i^K) is a lens space only if m = vah ± 1, and then Sl^j^^K) = L{vab ± l,va?). 
In this case, S'(p, q) = S{v, vab ± 1) = S{v, ±1) and S(r, s) = S{vab ± 1, va?). 

The converse can be proved easily. □ 

From Propositions 11.31 and 11.41 we have the following corollary: 

Corollary 3.6. (i) The H(2)-unknotting number of a {p,q)-tangle unknotting num- 
ber one link is less than or equal to U2{S{q,p)) + 1. 
(ii) M2(C(ai, 02, ■ ■ ■ , an)) < U2{C{ai, a^+i, ■ ■ ■ , a„)) + i-l. 

Remark 3.7. The 2-bridge link S{vab + e,va^) in Proposition is an {e,v)-tangle 
unknotting number one link. 

4. Tangle unknotting number one knots 

In Section 4.1, we recall some facts in Heegaard Floer homology for our discussions in 
Sections 4.2 and 4.3. In Section 4.2 we establish Relation (jl]), which is the central result 
in Section 4. In Section 4.3 we apply it to calculating the H(2)-unknotting numbers of 
some tangle unknotting number one knots. 

4.1. Preliminaries. Almost all the ingredients contained in this subsection can be 
found in [T7], or an earlier paper [15]. But for intactness, we include them here. If X is 
an oriented 3- or 4-manifold, the second cohomology H'^{X, Z) acts on the set of spin*^- 
structures Spin'^(X) freely and transitively. Each spin'^-structure s G Spin'^(X) has the 
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first Chern class Ci(s) G H^{X, Z), and the relation to the action is Ci{s + h) = ci{s) + 2h 
for any h € H^{X, Z). 

Let Y be an oriented rational homology 3-sphere and s be a spin'^-structure over Y. 
Then there is Heegaard Floer homology associated with the pair {Y,s). In this note, we 
use Heegaard Floer homology with coefficients in the field F := Z/2Z. There are several 
versions of this homology. One version is HF'^iY, s), which is a Q-graded module over 
the polynomial algebra ¥[U]. That is 

HF+{Y,s) = ^HF+{Y,s), 

where multiplication by U lowers the grading by two. In each grading i G Q, HF^{Y, s) 
is a finite-dimensional F- vector space. A simpler version is HF°°{Y), and it satisfies 
HF'^(Y,s) = F[[/,f/-i] for each s e Spin'^(F) [HI Theorem 10.1]. It is also Q-graded 
and multiplication by U lowers its grading by two. 
There is a natural F[f/]-equivariant map 

n:HFr{Y,s)^HF+{Y,s), 

which is zero in all sufficiently negative gradings and an isomorphism in all sufficiently 
positive gradings. Note that vr preserves the Q-grading. The map tt determines an 
invariant d{Y, s), which is called the correction term of the pair [Y, s). Precisely d{Y, s) 
is the minimal Q-grading on which the map vr is non-zero. The correction terms for Y 
and —Y, where " — " means the reversion of orientation, are related by the formula 

d{-Y, s) = -d{Y, s) 

under the natural identification Spin'^(y) = Spin'^(— F). 

The map tt behaves naturally under cobordisms. Let Yi and I2 be two oriented rational 
homology 3-spheres. We say a smooth connected oriented 4-manifold X is a cobordism 
from Yi to Y2 if the boundary of X is given by dX = {—Yi) U Y2. Suppose X is a 
cobordism from Yi to Y2 and t is a spin'^-structure of X. Then there is a homomorphism 

Fl,:HF'^{Y,,s^)^HF''{Y2,S2), 

where HF° denotes HF~^ or HF°° and Si is the restriction of t to Yi for i = 1,2 (we 
simply express it as Sj = t L). The map vr and the map fit into the following 
commutative diagram: 

poo 

HF^{Y^,s^) HF^{Y2,S2) 



^ x.t 



HF+{Y,,s,) — ^ HF+{Y2,S2). 
When X is a negative-definite 4-manifold it is shown in [15] that 

(3) ^ - ^^^'7' - (mod 2). 

where x(W^) is the Euler characteristic of W and a{W) is the signature of W. Both 
relations follow from the proof of [151 Theorem 9.6], but they are not clearly stated. For 
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readers' convenience, we explain them here. If X is a negative-definite cobordism, the 
proof of Theorem 9.1 in [15] (also mentioned in the proof of [151 Proposition 9.9]) tells us 
that Fxt is an isomorphism. There is an element ^ G HF^{Y2,t |^^) with the property 
that its Q-grading gr(^) is d{Y2,t j^^). Suppose the preimage of ^ in HF°°{Yi,t \y^) is 
T]. Then by Equation (4) in [15], we have 

. N c^At) ~ 2x(W) - 3a(W) I , 

gr(0 - gr(r/) = ^ ^ = rf(F2,t |^^) - gr(r/). 

By the definition of correction term, it is easy to see that 

gr{r])>d{Yi,t \yj. 

Since Yi is an oriented rational homology 3-sphere, as an F- vector space, we have ( [T6| 
Theorem 10.1]) HF°^{Yi,t j^J = 0^_^F(rf+2i), where d = d{Yi,t |^^) and ¥q) denotes 
the summand supported on grading j. Therefore we have 

gi{ri)-d{Y,,t\yJ = (mod 2). 
Now ([2]) and follow from the argument above. 

4.2. Theory. The purpose of this subsection is to prove Relation (j4]), which will be 
applied in next subsection to calculate the H(2)-unknotting numbers of some tangle 
unknotting number one knots. For a connected oriented rational homology 3-sphere 
Y, if the order of H'^{Y,Z) is odd, there exists a group structure on the set Spin'^(y) 
by identifying s G Spin'^(y) with Ci(s) G i/^(F, Z). In this case, we also denote the 
correction term d(Y,s) by d(Y,ci{s)) if necessary. We have the following result about 
H(2)-unknotting number. We remark that the statement is modified slightly from the 
main theorem in [1], but the correctness can be read out easily from the context. 

Theorem 4.1 ([I]). Let K he a knot and p he the ahsolute value of the determinant of 
K. If U2{K) = 1, then there is a group isomorphism : Z/pZ — y /7^(S(Jil'); Z) and a 
sign e = ±1 with the properties that for all i G Z/pZ: 

/^,(z):=6-d(E(i^),</.(z)) + i(-(^±^^-z)2-l) = (mod 2), 

4 p 2 

and I(f>,e{i) > 0. 




Figure 6. Kirby diagrams. 

Suppose and K_ are two knots which differ only in a local neighborhood of a 
crossing, as shown in Figure [6]-(l) (Ignore the circle J around the crossing). Consider 
the two manifolds Y^ = S^^^{K^) and H = S'^^^{K_), where p is odd and (p, g) = 1. 
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Figure 7. The slam-dunk move. 

There is a cobordism from to YL given by attaching a 2-handle to x [0, 1] along 
the circle J with framing —1, and we denote the cobordism by : y+ — )■ YL. Then we 
have the following property: 

Proposition 4.2. The cobordism W is a negative- definite cobordism from y+ to YL, 
and therefore: 

d(y_,t_)-.(n,M > ^;w-2xW-3.(»--) 

d(y_,«_)-d(n.M = ^'W-^^'-^^--""^' (mod 2). 

where s is a spin'^- structure over W with s \ = t^ for * = +,—. 

Proof. First we prove H2{W\'L) = Z by the following argument. Let be the plumbing 
manifold obtained by attaching 2-handles to a four-ball along the framed link in Figure [6]- 
(2). The framings come from that p/q equals the continued fraction [ai, 02, ■ ' ' ? On]- By 
the slam-dunk move in Figure [TJ we see the boundary of is indeed Y^. Then we let 
X = W+UW, and clearly we have H2{X; Z) = and H2{W+; Z) = Z". Consider 
the Mayer- Vietoris sequence applied to the decomposition X = W+ U W. In this case 
nW = S'^i^{Kj^) = Kj., so we have the following sequence for integral homology 
groups: 

> H2(Y+) H2{W+) © H2iW) H2{X) Hi{Y+) ^ ■ ■ ■ . 

Since H2iY+) = 0, H2iW+) = Z", H2iX) = Z"+i and Hi{Y+) = Z/pZ, we have 
H2{W) = Z. 

It is easy to see that there exists a Seifert surface of J in 5''^ which is disjoint with 
Let a e H2{W; Z) be the homology class of this Seifert surface of J capped off by 
the core disk of the two-handle attached along J. Then a is a generator of H2{W; Z), 
and we have = — 1, which implies that the cobordism W is negative-definite. By ([2]) 
and (|3]), we complete the proof of the proposition. □ 

Remark 4.3. The idea of the proof comes from the proof of Theorem 1.3 in [TB] . 

In the following two paragraphs, we figure out when the pair of spin'^-structures 
G Spin'^(y+) X Spin'^(y_) can be realized as the restriction of a spin'^-structure 

over W . 

Note that W is constructed by attaching a 2-handle = D'^ x D"^ to F+ x [0, 1] 
along a solid torus x D'^ = (dD^) x D^. By considering the Mayer- Vietoris Sequence 
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associated with the triple {S^ x D'^, x [0, 1] jj -D^, W), we have 

^ H2{W) Hi{S^ xD^) = zA Hi{Y+ x [0, 1]) © Hi{D^) = Z/pZ Hi{W) 0. 

It is easy to see that Hi{S^ x D"^) is generated by a longitude of J in Figure [6l whose 
homology class in Hi{Y^ x [0, 1]) is zero. Therefore the map /, which is induced by the 
inclusion map, is trivial. Therefore we have Hi{W) = Z/pZ. By the universal coefficient 
theorem, we have H'^{W) = Z® Z/pZ. Noting that dW = U YL, we have the 

following exact sequence with respect to the pair {W,dW): 

^ H2{W) = Z 4 H\W) = Z® Z/pZ A H^{-Y+) © H^{Y^) = Z/pZ © Z/pZ 

A Hi{W) = Z/pZ 0. 

Let m+ C be a meridian of and m_ C be the image of m_|_ after the Dehn 
surgery along J. Then [m^] and [m_] are generators of Hi(Y^) and Hi(Y_) respectively. 
We identify H'^{Y+) with Hi{Y+) and H'^{Y_) with Hi{Y_) by Poincare duality. Then 
we have /3(-[m+], [m_]) = e Hi{W). 

The set Spin'^(W) is an affine space over H^{W; Z) = Z®ZjpZ. Given a pair of spin'^- 
structures t+ G Spin'^(K|.) and t_ G Spin'^(F_), a spin'^-structure s G Spin'^(Vr) satisfies 
s |y = for * = +, — if and only if a(ci(s)) = (— ci(t+), ci(t_)). From the exactness of 
the sequence, the element := (— i[m+], i[m_]) G F+) © i7^(y_) stays in the 

image of the map aforO<i<p — 1. Let t+ G Spin'^(F+) and t„ G Spin'^(F_) be the 
spin'^-structures for which (— Ci(t+), Ci(t_)) = Then is the restriction of 

some spin'^-structures over W to (Y^,Y_). 

We use d(Y_ , i) (resp. d(Y^,i)) to denote d{Y^,t^) (resp. 6/(^4., In the following, 
we want to show that 

, . i) - i)>0 and 

^ 2) - d{Y+, i) = (mod 2), 

for any i G Z/pZ. By ([2]) and ([3]), we have the following relations: 

diY^,t)-diY^,t)>^^^^^^^^q^^^ and 
diY_,^)-diY^,^) = ^^^^^^^^^^P^^ (mod 2), 

for any spin'^-structure s over whose restriction to {Y^,Y_) is (t+,t_). Note that 
x{W) = 1 and a{W) = —1. Then we can prove (jlj) if we can prove that 

(5) max |ci(s) s G Spin''(iy), s |^ = for * = +, - | = -L 

We say ^ G Z is a characteristic element of the matrix (—1) if C, is odd. Let t+^o and 
t_,o denote the spin'^-structures whose first Chern classes are trivial, over Y^ and YL 

respectively. We define a set := |s G Spin'^(Vr) s |^ = t^,^o for * = +, — |. Then the 

first Chern classes of elements in H belong to the free part of H^{W; Z) = Z © Z/pZ. 
Conversely any spin'^-structure over W whose first Chern class belongs to the free part 
of H^{W;Z), belongs to H. The set {ci(s) |s G H} is equal to the set of characteristic 
elements of the matrix (—1). If Ci(s) corresponds to the characteristic element ^, then 
we have c^(s) = — It is easy to calculate that max {c^(s) \s G H} is —1. 

Note that H'^{W]Z) acts transtively and freely on the set Spin'^(iy). Any spin*^- 
structure over W can be transformed into a spin'^-structure in if by a torsion element of 
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H'^{W; Z). We know that for a spin'^-structure s and a torsion element a G H'^{W; Z) = 
Z © Z/pZ there is Ci(s + a)^ = Ci(s)^. Therefore Relation ([5]) is true, which in turn 
implies (jlj). 

4.3. Application. We show that (jlj) can be used to study the H(2)-unknotting numbers 
of some tangle unknotting number one knots. Let us consider some (23,3)-tangle unknot- 
ting number one knots as examples. For the 2-bridge knot 5(23, 3), the ordered set of the 
correction terms of its double-branched cover, the lens space 1/(23, 3), is given as follows 
(for the calculation, refer to [TTj Proposition 3.2]). Here we identify Spin'^(L(23,3)) with 
Z/23Z. 



KL(23,3),z)}^io 



3 85 41 29 49 9 1 25 -11 -15 13 -19 -19 



2' 46' 46' 46' 46' 46' 46' 46' 46 ' 46 '46' 46 ' 46 
13 -15 -11 25 1 9 49 29 41 85 



46 46 46 '46 46 46 46 46 46 46 

On the other hand, define f{i) = |(J(^±^^ - if - 1) for p = 23 and any < i < 22. 
Then we have the following ordered set: 



11 -11 209 -7 169 1 133 13 101 29 73 49 49 



2 ' 46 46 46 46 46 46 46 46 46 46 46 46 
73 29 101 13 133 1 169 -7 209 -11 



46 46 46 46 46 46 46 46 46 46 



We will apply Theorem 14. II to show that U2{S{23, 3)) > 1. Assume that U2{S{23, 3)) = 
1. Then by Theorem 14.11 there exist an automorphism </> of Z/23Z and a sign e G 
{+1,-1} such that /0,e(^) are even positive numbers for all i G Z/23Z. 

No matter which automorphism of Z/23Z we choose, we have /(^,e(0) = e-d{L{23, 3), 0) + 
/(O) = (e ■ 3 + ll)/2. In order to make it be an even number, we need e to be 
— 1. By calculation, we see there exist two possible automorphisms of Z/23Z, the 
map 01 given by multiplication by 8 and 02 given by multiplication by 15, for which 
= — d{L (23,3), (f>j{i)) + f{i) are even integers for all 1 < i < 22 and j = 1,2. 
Precisely in both cases, we have: 

m,.i{i)}Zo = {4, 0, 4, -2, 4, 0, 2, 0, 2, 0, 2, 0, 0, 2, 0, 2, 0, 2, 0, 4, -2, 4, 0}, 

where is either 0i or 02. Among these numbers —2 is negative. 

As a conclusion, we see that there exists no automorphism of Z/23Z and sign 
e G {+1, —1} to guarantee that I^^eii) are all even positive numbers for i G Z/23Z. For 
simplicity, we say there exist no even positive matchings for the knot S'(23, 3). Therefore 
the assumption that M2(5'(23, 3)) = 1 is false, while it is easy to see that M2(5'(23, 3)) < 2, 
so finally we have M2(5'(23, 3)) = 2. 

Suppose that is a (23, 3)-tangle unknotting number one knot and that | det(A')| = 
23. Then by Lemma [3.31 there is S(-ft') = S2-^i^{C) for some strongly invertible knot C. 

If we get the unknot by changing a negative crossing of C into a positive crossing, 
then by (jlj) we have: 

d{T.{K),i)-d{L{23,3),i) > and 
d(J:(K),i) - d{L{23,3),i) = (mod 2). 
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Figure 8. The left-hand trefoil knot T and the tangle unknotting number 
one knot whose double-branched cover is 6*23/3 (T). 

Now it is easy to see that there exist no even, negative matchings for the knot K as well. 
So we conclude that u-^i^K) > 1. By Corollary I3.6[ we have u-z^K) < M2(S'(3, 23))-|-1 = 2, 
and therefore U2{K) = 2. For example, let C be the left-hand trefoil knot. Then in this 
case K is the knot in Figure [H]-( 2). 



Figure 9. Figure eight knot. 

If there is a positive and a negative crossing in C for which either of the crossing 
change gives the unknot, and if particularly C is an amphicheiral knot with unknotting 
number one (For example the figure eight knot in Figure [9]), then by (jl]) we have: 

-d(L(23,3),z) = 0. 

By a similar argument as in the previous paragraph, we see in this case U2{K) = 2 as 
well. 
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